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Abstract
The wave equation for spinless particles with the Lorentz violat-
ing term is considered. We formulate the third-order in derivatives
wave equation leading to the modified dispersion relation. The first-
order formalism is considered and the density matrix is obtained.
The Schro¨dinger form of equations is presented and the quantum-
mechanical Hamiltonian is found. Exact solutions of the wave equa-
tion are obtained for particles in the constant and uniform external
magnetic field. The change of the synchrotron radiation radius due to
quantum gravity corrections is calculated.
1 Introduction
The deformed dispersion relations, which result in the Lorentz violation, can
be caused by quantum gravity [1], [2], [3], [4], [5], [6], [7], [8], [9] [10], [11].
According to [4], [5], we consider the special case of the modified dispersion
relation (the speed of light in vacuum c equals unit in our notations):
p20 = p
2 +m2 − Lp0p2, (1)
where p0 is an energy and p is a momentum of a particle and L is a parameter
with the dimension of “length”. The positive value of L (L > 0) corresponds
to the subluminal propagation of particles. We imply that the last term in
Eq.(1), violating the Lorentz symmetry, is due to quantum gravity correc-
tions, and L is of the order of the Planck length LP =M
−1
P (MP = 1.22×1019
GeV is the Planck mass). The modified dispersion relation (1) appears in
space-time foam Liouville-string models [12], [13]. Constrains on quantum
gravity corrections were estimated from the Crab Nebula synchrotron radi-
ation [14], [15], [16]. The modified dispersion relation (1) can be motivated
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within Doubly Special Relativity (DSR) [4], [5], [6], [7], [8], [9] [10]. The goal
of this paper is to describe spinless fields realizing the deformed dispersion re-
lation (1) in third-order and first-order formalisms. Also we obtain equation
solutions of free particles and particles in the external magnetic field.
The paper is organized as follows. In Sec.2, we formulate the wave equa-
tion with modified dispersion relation in the third-order and first-order for-
malisms and obtain the density matrix. The Schro¨dinger form of equations
is presented and the quantum-mechanical Hamiltonian is found in Sec.3. In
Sec.4 we obtain exact solutions of the wave equation for particles in the con-
stant and uniform external magnetic fields. The synchrotron radius with
quantum gravity corrections is estimated. A conclusion is made in Sec.5. In
Appendix, Sec.6, useful products of the equation matrices are obtained.
The Euclidean metric is explored and the system of units h¯ = c = 1 is
used. Greek letters run 1,2,3,4 and Latin letters run 1,2,3.
2 Field equation for spinless particle
2.1 Wave equation in the first-order formalism
Let us consider the wave equation for spinless particles:(
∂2µ −m2 − iL∂2i ∂t
)
Φ(x) = 0, (2)
where ∂µ = ∂/∂xµ = (∂/∂xi, ∂/(i∂t)), x0 = t is a time. One can treat
Eq.(2) as an effective wave equation which takes into account quantum
gravity corrections. The plane-wave solution for positive energy Φ(x) =
Φ0 exp[i(px − p0x0)] to Eq.(2) leads to the modified dispersion relation (1).
Eq.(2) is invariant under the rotation group but the last term in (2) violates
the invariance under the boost transformations. Thus, the Lorentz symme-
try is broken. One can try to interpret Eq.(2) to be invariant under DSR
transformations but we do not prove this because DSR is formulated in the
momentum space and there is not the consistent formulation of the model
in the position space yet. Therefore, it is possible to consider Eq.(2) as an
equation with the Lorentz violating term and introducing preferred frame
effects. We will call the L a deformation parameter.
To present the higher derivative equation (2) in the first-order formalism,
we follow the method of [17]. Let us introduce the system of first order
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equations which are equivalent to Eq.(2)
∂µΨµ +mΦ + ∂4Φ˜ = 0,
∂µΦ+mΨµ = 0, (3)
L∂mΨm − Φ˜ = 0.
Indeed, replacing Ψµ and Φ˜ from Eqs.(3) into the first equation of (3), one
obtains Eq.(2). The fields Ψµ, Φ, Φ˜ possess the same dimension. It is conve-
nient to introduce the wave function
Ψ(x) = {ΨA(x)} =
 Φ(x)Ψµ(x)
Φ˜(x)
 , (4)
and index runs A = (0, µ, 0˜), Ψ0 = Φ, Ψ0˜ = Φ˜. With the help of the elements
of the entire matrix algebra εA,B, with properties [18](
εM,N
)
AB
= δMAδNB, ε
M,AεB,N = δABε
M,N , (5)
where A,B,M,N = (0, µ, 0˜), the system of equations (3) may be presented
in the matrix form as follows:[
∂µ
(
εµ,0 + ε0,µ + δµ4ε
0,˜0 −mLδµmε0˜,m
)
(6)
+m
(
ε0,0 + εµ,µ + ε0˜,˜0
)]
AB
ΨB(x) = 0.
with the summation over all repeated indices. We introduce the 6×6 matrices
βµ = ε
µ,0 + ε0,µ + δµ4ε
0,˜0 −mLδµmε0˜,m, I6 = ε0,0 + εµ,µ + ε0˜,˜0, (7)
so that
βm = ε
m,0 + ε0,m −mLε0˜,m, β4 = ε4,0 + ε0,4 + ε0,˜0. (8)
Taking into account these equations Eq.(6) becomes the first-order wave
equation
(βµ∂µ +m)Ψ(x) = 0, (9)
where we have used the unit 6×6-matrix I6. We note that the 5-dimensional
matrices
β(0)µ = ε
µ,0 + ε0,µ (10)
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enter the Lorentz covariant wave equation for scalar particles(
β(0)µ ∂µ +m
)
Ψ(0)(x) = 0, (11)
where the wave function reads
Ψ(0)(x) =
(
Φ(x)
Ψµ(x)
)
. (12)
Matrices (10) obey the Duffin−Kemmer−Petiau algebra [18]
β(0)µ β
(0)
ν β
(0)
α + β
(0)
α β
(0)
ν β
(0)
µ = δµνβ
(0)
α + δανβ
(0)
µ . (13)
The Lorentz group generators in the 5-dimension representation space are
given by
Jµν = β
(0)
µ β
(0)
ν − β(0)ν β(0)µ = εµ,ν − εν,µ, (14)
and obey the commutation relations
[Jρσ, Jµν ] = δσµJρν + δρνJσµ − δρµJσν − δσνJρµ,
(15)[
β
(0)
λ , Jµν
]
= δλµβ
(0)
ν − δλνβ(0)µ .
It should be noted that the field Φ˜(x) in Eqs.(3),(4) is a scalar under the
rotation group but is not a scalar under the boost transformations. Therefore,
the expression Jmn = ε
m,n − εn,m can be considered as the rotation group
generators in the 6-dimension representation space of wave functions (4).
From Eq.(7), one obtains the commutators as follows:
[β4, Jmn] = 0, [βk, Jmn] = δkmβn − δknβm. (16)
Eqs.(16) indicate that wave equation (9) is covariant under the group of
rotations but the form-invariance of Eq.(9) under the Lorentz transformations
is broken due to terms containing the deformation parameter L. With the
help of products of β-matrices (see Appendix) I find the algebraic relation
βµ (βνβλβσ + βσβλβν) + βλ (βνβµβσ + βσβµβν) + βν (βλβσβµ + βµβσβλ)
+βσ (βλβνβµ + βµβνβλ) = δµν (βλβσ + βσβλ) + δλν (βµβσ + βσβµ)
(17)
+δµσ (βλβν + βνβλ) + δσλ (βµβν + βνβµ)
−mL
[
(δσmδν4 + δνmδσ4) (δmλβµ + δmµβλ)+(δλmδµ4 + δµmδλ4) (δmσβν + δmνβσ)
]
.
It should be noted that, for example, δσmδmλ 6= δσλ because δ4mδm4 = 0 but
δ44 = 1. The algebra of β-matrices (17) is more complicated compared with
the Duffin−Kemmer−Petiau algebra (13).
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2.2 The density matrix
In the momentum space, for the positive energies Ψ(x) ∼ exp[i(p,x− p0x0)]
and Eq.(9) becomes
(ip̂+m) Ψ(p) = 0, (18)
where p̂ = βµpµ. It follows from Eq.(17) that the matrix p̂ obeys the equation
as follows (see also Appendix):
p̂4 − p2p̂2 +mLp4p2p̂ = 0, (19)
where p2 = p2 − p20, p4 = ip0. With the help of (19), one may prove that the
matrix
Λ = ip̂ +m (20)
obeys the matrix equation
Λ4 − 4mΛ3 + Λ2
(
p2 + 6m2
)
− Λ
(
2mp2 + 4m3 + imLp4p
2
)
= 0. (21)
It follows from Eq.(21) that solutions to Eq.(18) in the form of the projection
matrix are given by
Π = N
[
Λ3 − 4mΛ2 + Λ
(
p2 + 6m2
)
− 2mp2 − 4m3 − imLp4p2
]
. (22)
so that (ip̂ +m) Π = 0, and N is the normalization constant. The require-
ment that Π is the projection matrix [19] gives
Π2 = Π. (23)
From Eq.(23), with the help of Eq.(21), we obtain the normalization constant
N = − 1
m (2m2 + Lp0p2)
. (24)
Equation (22) for the matrix Π can be simplified using Eqs.(19),(24), and
the result is
Π =
ip̂ (p̂2 + imp̂− Lp0p2)
m (2m2 + Lp0p2)
. (25)
The density matrix (25) can be used for calculating some processes with
scalar particles obeying Eq.(9) in the perturbation theory. Every column
of the matrix Π is the solution to Eq.(18). The wave function Ψ(p) in
Eq.(18) also can be written as Ψ(p) = ΠΨ0, where Ψ0 is arbitrary non-zero
6-component vector.
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3 The Schro¨dinger form of the equation
Introducing interactions of scalar particles under consideration with external
electromagnetic fields by replacing ∂µ → Dµ = ∂µ − ieAµ (Aµ is the vector-
potential of the electromagnetic fields, e is the charge of the particle), we
rewrite Eq.(9) as follows:
iβ4∂tΨ(x) =
(
βmDm +m+ eA0β4
)
Ψ(x). (26)
The matrix β4 obeys the matrix equation (see Appendix)
β44 = β
2
4 . (27)
Thus, the matrix Σ = β24 is the projection operator, Σ
2 = Σ. The matrix Σ,
acting on the wave function Ψ(x), retains only the dynamical components
φ(x) = ΣΨ(x) of the wave function Ψ(x). To separate the dynamical com-
ponents of the wave function Ψ(x) from Eq.(26), we consider the projection
operator
Ω = I6 − Σ = ε0˜,˜0 + εm,m − ε4,˜0. (28)
One can verify that Ω2 = Ω. Non-dynamical components of the wave function
Ψ(x) are defined by χ = ΩΨ(x). After multiplying Eq.(26) by the matrix β4,
we obtain the equation
i∂tφ(x) = β4βmDmΨ+mβ4Ψ+ eA0φ. (29)
One can use the relation Ψ(x) = φ(x) + χ(x) as Σ + Ω = I6. With the help
of equations (see Appendix) β4Ω = 0, β4βmΣ = 0, we find from Eq.(29)
i∂tφ(x) = β4βmDmχ+ (mβ4 + eA0)φ. (30)
Non-dynamical components χ(x) can be eliminated from Eq.(30). Indeed,
multiplying Eq.(26) by the matrix Ω, and taking into consideration the equal-
ity Ωβ4 = 0, one finds the equation as follows:
ΩβnDnΨ+mχ = 0. (31)
Eliminating χ from Eq.(31) and replacing it into Eq.(30), with the help of
the relation β4βmΩβnΩ = 0, we obtain the Schro¨dinger form of the equation
i∂tφ(x) =
(
− 1
m
β4βmDmΩβnDn +mβ4 + eA0
)
φ(x). (32)
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It is easy to verify that the wave function φ possesses only two non-zero
components:
φ(x) =
(
Φ(x)
Ψ4(x) + Φ˜(x)
)
. (33)
The wave function (33) corresponds to two states with positive and negative
energies and does not contain auxiliary components. Then Eq.(32) takes the
form
i∂tφ(x) = Hφ(x), (34)
where the Hamiltonian is given by (see Appendix)
H = m
(
ε4,0 + ε0,4
)
+ eA0
(
ε0,0 + ε4,4
)
− 1
m
(
ε4,0 −mLε0,0
)
D2m. (35)
Using (5), the quantum-mechanical Hamiltonian becomes
H =
(
eA0 + LD
2
m m
m− (1/m)D2m eA0
)
. (36)
One can rewrite Eq.(34), with the help of Eqs.(33),(36), in the component
form
i∂tΦ(x) = eA0Φ(x) +m
(
Ψ4(x) + Φ˜(x)
)
+ LD2mΦ(x),
(37)
i∂t
(
Ψ4(x) + Φ˜(x)
)
= mΦ(x) + eA0
(
Ψ4(x) + Φ˜(x)
)
− 1
m
D2mΦ(x).
One can check that Eqs.(37) can be obtained from Eqs.(3), after the replace-
ment ∂µ → Dµ and the exclusion of non-dynamical components Ψm(x) =
−(1/m)DmΦ(x). Eqs.(37) and (34) contain only components with the time
derivatives. The Schro¨dinger equation (34) with the Hamiltonian (36) can be
used for solving different quantum mechanical problems. The matrix Hamil-
tonian (36) for free space (Aµ = 0) in the momentum space ∂µ → ipµ obeys
the equation
H2 + Lp2H−
(
p2 +m2
)
I2 = 0, (38)
where I2 is the unit 2×2-matrix. From Eq.(38), one finds that the eigenvalue
of the Hamiltonian (36) p0 satisfies the dispersion equation (1).
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4 Particle in an external magnetic field
Introducing the electromagnetic interaction of particles in the standard way
by substitution ∂µ → Dµ = ∂µ − ieAµ, Eq.(2) becomes 1[
(∂µ − ieAµ)2 −m2 − iL (∂i − ieAi)2 (∂t + ieA0)
]
Φ(x) = 0, (39)
and t = x0 is the time. It is obvious that the gauge invariance of Eq.(39) is
preserved under the transformations:
Aµ(x)→ Aµ(x) + ∂µΛ(x), Φ(x)→ Φ(x) exp (ieΛ(x)) .
For a uniform and static magnetic field, we can take the 4-potential in the
form
Aµ =
(
−1
2
x2H,
1
2
x1H, 0, 0
)
, (40)
and the magnetic field becomes along the x3 axis, H = (0, 0, H). For
the potential (40) the Lorentz condition ∂µAµ = 0 and Coulomb condition
∂mAm = 0 are satisfied, and A0 = 0. Let us consider the motion of negative
particles, e = −e0, e0 > 0. Then Eq.(39) for a spinless particle with the
potential (40) reads{[
∂2m − e0HL3 −
e20H
2
4
(
x21 + x
2
2
)]
(1− iL∂t)− ∂2t −m2
}
Φ (x, t) = 0,
(41)
where the projection operator of the angular momentum on the x3 axis is
given by L3 = i (x2∂1 − x1∂2). To solve Eq.(41), we follow very closely to
[20], [21]. The solution to Eq.(41) can be obtained by the substitution [23]
Φ (x, t) =
1√
λ
Φ (x1, x2) exp [i (p3x3 − p0t)] , (42)
where p3 = 2pin3/λ, n3 is a vertical quantum number, λ is a cut-off of the
integration over the x3. Replacing Eq.(42) into Eq.(41), one finds[
η
(
∂21 + ∂
2
2
)
− e0HηL3 − e
2
0H
2η
4
(
x21 + x
2
2
)
(43)
1It should be noted that authors of the paper [16] chose another coupling of a particle
with the potential.
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−ηp23 + p20 −m2
]
Φ (x1, x2) = 0,
where η = 1 − Lp0. It is convenient to introduce cylindrical coordinates
x1 = r cosϕ, x2 = r sinϕ, and then L3 = −i∂/∂ϕ. The solution to Eq.(43)
in cylindrical coordinates exists in the form
Φ (x1, x2) =
exp (ilϕ)√
2pi
Ψ(r), (44)
with l being an orbital quantum number, l = ...,−2,−1, 0, 1, 2, .... Introduc-
ing new variable ρ = e0Hr
2/2, Eq.(43) in cylindrical coordinates, and with
taking into account (44), becomes(
ρ
d2
dρ2
+
d
dρ
− l
2
4ρ
− ρ
4
+ P
)
Ψ (ρ) = 0, (45)
where P = (p20 − ηp23 −m2 − e0Hlη) / (2e0Hη). The finite solution (at ρ = 0
and ρ→∞) to Eq.(45) is given by [21]
Ψ(ρ) =
N0√
n!s!
exp
(
−ρ
2
)
ρl/2Qls(ρ), (46)
where N0 is the normalization constant, s = 0, 1, 2, ... is the radial quantum
number, Qls(ρ) is the Laguerre polynomial [22]
Qls(ρ) = e
ρρ−l
ds
(
ρs+le−ρ
)
dρs
. (47)
The energy p0 is quantized and is given by
p20 = ηp
2
3 +m
2 + e0Hη (2n+ 1) , (48)
where n = l + s = 0, 1, 2, ... is a principal quantum number. The orbital
quantum number runs the values −∞ < l < n. For negative orbital quantum
number l, one can use the relation
(−1)l ρ−lQ−ls+l(ρ) = Qls(ρ). (49)
Eq.(48) at η = 1 (L = 0) is converted into the known expression correspond-
ing to the Klein−Gordon equation [23]. Eq.(48) is consistent with Eq.(1)
because as for the Klein−Gordon equation for scalar particles in external
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magnetic fields one has to make the replacement p21 + p
2
2 → e0H (2n+ 1) in
the dispersion equation 2. From (42),(44),(46), one obtains
Φ (x, t) =
N0√
n!s!
eilϕ√
2pi
exp [i (p3x3 − p0t)]√
λ
e−ρ/2ρl/2Qls(ρ). (50)
The coefficient N0 can be obtained from the normalization [23]:
p0
m
∫
∞
0
rdr
∫ λ/2
−λ/2
dx3
∫ 2pi
0
Φ∗(x)Φ(x)dϕ = 1. (51)
Calculating integrals in Eq.(51) with the help of the relation∫
∞
0
e−ρρl
[
Qls(ρ)
]2
dρ = s!Γ (l + s+ 1) ,
where Γ(x) is the Gamma function, and using the wave function (50), we
find the normalization constant:
N0 =
√
e0Hm
p0
. (52)
Eqs.(48),(50),(52) allow us to investigate the synchrotron radiation of spinless
particles with modified dispersion relation (1). Charged particles moving in
an external magnetic field (in helical orbits) emit the synchrotron radiation
with frequency depending on the radius of the orbit [23]. The orbit radius
can be estimated by the classical relation [23]:
R =
βp0
e0H
, (53)
where β = v is a particle velocity (in our notations c = 1). Let us consider
the case p3 = 0 when particles rotate in cycles with ultra-relativistic energies
(p0 ≫ m, v ≈ 1). Then Eq.(48) becomes
p20 ≈ e0H (2n+ 1) (1− Lp0) . (54)
From quadratic equation (54), we obtain the approximate solution for posi-
tive energy implying that Lp0 ≪ 1, L
√
e0H (2n + 1)≪ 1:
p0 ≈
√
e0H (2n+ 1)− Le0H
(
n +
1
2
)
. (55)
2Authors of [16] obtained different from (48) expression because of their non-standard
coupling with the electromagnetic fields.
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With the help of Eq.(55), we obtain from Eq.(53) the radius of the orbit
R ≈ R0 − Ln, (56)
where
R0 ≈
√
2n
e0H
(57)
is the radius of the orbit within the Klein−Gordon equation, and we took
into consideration that for ultra-relativistic energies n ≫ 1, n + 1/2 ≈ n.
Eq.(56) indicates that the deformation parameter L reduces the radius of
the orbit (L > 0). Thus, for high energies the second term in Eq.(56) should
be taken into account. As a result, the angular orbital frequency ω = v/R
is greater than in Lorentz-invariant theory, ω > ω0 (ω0 = v/R0). To clear
up the physical meaning of the radial quantum number s, we calculate the
quantum average square radius
r2quant =
p0
m
∫
Ψ∗(x)r2Ψ(x)d3x. (58)
Evaluating integral in Eq.(58) using the equality∫
∞
0
e−ρρl+1
[
Qls(ρ)
]2
dρ = n!s! (n+ s + 1) ,
and n = l + s, one obtains [23]
r2quant =
2
e0H
(n+ s + 1) . (59)
Comparing the macroscopic classical average square radius [23] r2cl = R
2+a2,
where a is the distance between the center of the trajectory and the origin,
with the quantum average square radius (59), we find [23]
a ≈
√
2s
e0H
. (60)
From Eqs.(57),(60), one obtains l ≈ e0H(R20 − a2)/2 so that at R0 > a the
orbital quantum number is positive, l > 0, and at R0 < a, we have l < 0.
One can construct the coherent states of a spinless particle at non-relativistic
energy following the way of the work [21].
11
To calculate the concrete numerical deformation effect, we use the possible
energy of electrons p0 = 1 TeV, and the magnetic field H = 260 µG in Crab
Nebula. The Heaviside−Lorentz system with the fine structure constant
α = e2/(4pi) is used. In this system, the SI units are related to the energy
units as follows: 1 T= 195.5 eV2, 1 m= 5.1 × 106 eV−1. Then, one obtains
the principal quantum number n ≈ p20/(2e0H) ≈ 3 × 1029, and the change
of the synchrotron radius (at L = LP ) ∆R = LPn ≈ 5 µm. This is the very
small amount compared to the classical radius (57). But if the deformation
parameter L is much greater than the Planck length LP , then the deformation
effect should be taken into consideration.
5 Conclusion
We have postulated the wave equation for spinless particles with the modified
dispersion relation. Such dispersion relation is realized in DSR. The wave
equation is formulated in the form of first-order 6 × 6-matrix wave equa-
tion. The algebra of the 6 × 6-matrices of the equation has been obtained
which is more complicated compared to the Duffin−Kemmer−Petiau alge-
bra. We find the density matrix which can be used for different quantum
field theory calculations. The Schro¨dinger form of the equation in the 2× 2
matrix-differential form is obtained and quantum-mechanical Hamiltonian is
found. The Hamiltonian obtained can be explored in quantum-mechanical
evaluations. We find exact solutions to the wave equation for particles in
constant and uniform external magnetic fields, and the synchrotron radius
correction (due to quantum gravity) is estimated. Such solutions may be
applied for the analysis of the synchrotron radiation from the Crab Nebula
in the approximation when spin effects of electrons can be ignored. Thus,
the bound on the deformation parameter L, within our approach, can be in-
vestigated. We leave the question about the invariance of Eq.(2) under DSR
transformations and other problems for further learning.
6 Appendix: Useful products of matrices
With the help of Eq.(5), we obtain the products of β-matrices (7):
βµβν = δµνε
0,0 + εµ,ν + δν4ε
µ,˜0 −mL
(
δµmδmνε
0˜,0 + δµ4δνmε
0,m
)
, (61)
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βµβνβλ = δµν
(
ε0,λ + δλ4ε
0,˜0
)
(62)
−mL
[
δλm
(
δmνδµ4ε
0,0 + δν4ε
µ,m
)
+ δµmδmν
(
δλ4ε
0˜,˜0 + ε0˜,λ
)]
,
βµβνβλβσ = δµνδλσε
0,0 + δνλε
µ,σ + δνλδσ4ε
µ,˜0
−mL
[
δσm
(
δmλδν4ε
µ,0 + δµνδλ4ε
0,m
)
+ δµ4δνmδmλ
(
ε0,σ + δσ4ε
0,˜0
)
(63)
+δµnδnν
(
δλσε
0˜,0 −mLδλ4δσmε0˜,m
)]
.
From Eq.(7), we obtain the matrix pˆ = pµβµ:
pˆ = pµ
(
εµ,0 + ε0,µ
)
+ p4ε
0,˜0 −mLpnε0˜,n. (64)
Taking into account Eqs.(61),(63), one finds
pˆ2 = p2ε0,0 + pµpνε
µ,ν + p4pµε
µ,˜0 −mL
(
p2ε0˜,0 + p4pnε
0,n
)
, (65)
pˆ4 = p2pˆ2 −mLp4p2pˆ, (66)
where p2 = p2µ. Useful relations for the matrix
β4 = ε
4,0 + ε0,4 + ε0,˜0 (67)
are as follows:
β34 = β4, β
2
4 = ε
0,0 + ε4,4 + ε4,˜0, (68)
β4βm = ε
4,m −mLε0,m, (69)
β4βmβ
2
4 = 0, β4βm
(
I6 − β24
)
βn
(
I6 − β24
)
= 0. (70)
References
[1] G. Amelino-Camelia, J. R. Ellis, N. E. Mavromatos and D. V. Nanopou-
los, Int. J. Mod. Phys. A12 (1997), 607 [arXiv:hep-th/9605211].
[2] S. R. Coleman and S. L. Glashow Phys. Lett. B405 (1997), 249
[arXiv:hep-ph/9703240].
13
[3] R. Gambini and J. Pullin, Phys. Rev. D59 (1999), 124021
[arXiv:gr-qc/9809038].
[4] G. Amelino-Camelia, Int. J. Mod. Phys. D11 (2002), 35
[arXiv:gr-qc/0012051].
[5] G. Amelino-Camelia, Phys. Lett. B510 (2001), 255
[arXiv:hep-th/0012238].
[6] J. Kowalski-Glikman, Phys. Lett. A286 (2001), 391
[arXiv:hep-th/0102098].
[7] J. Magueijo and L. Smolin, Phys. Rev. Lett., 88 (2002), 190403
[arXiv:hep-th/0112090].
[8] J. Magueijo and L. Smolin, Phys. Rev. D67 (2003), 044017
[arXiv:gr-qc/0207085].
[9] G. Amelino-Camelia, New J. Phys. 6 (2004), 188 [arXiv:gr-qc/0212002].
[10] L. Smolin, How far are we from the quantum theory of gravity?
arXiv:hep-th/0303185.
[11] R. C. Myers and M. Pospelov, Phys. Rev. Lett. 90 (2003), 211601
[arXiv:hep-ph/0301124 ].
[12] J. R. Ellis, N. E. Mavromatos and D. V. Nanopoulos, Phys. Lett. B293
(1992), 37 [arXiv:hep-th/9207103].
[13] J. R. Ellis, N.E. Mavromatos and D. V. Nanopoulos, Chaos, Solitons
and Fractals 10 (1999), 345 [arXiv:hep-th/9805120].
[14] T. Jacobson, S. Liberati and D. Mattingly, Nature 424 (2003), 1019
[arXiv:astro-ph/0212190].
[15] T. Jacobson, S. Liberati, D. Mattingly, Comments on “Improved limit
on quantum-spacetime modifications of Lorentz symmetry from obser-
vations of gamma-ray blazars”, arXiv:gr-qc/0303001.
[16] J. Ellis, N. E. Mavromatos and A. S. Sakharov, Astropart. Phys. 20
(2004), 669 [arXiv:astro-ph/0308403].
14
[17] S. I. Kruglov, J. Phys. A43 (2010), 245403 [arXiv:0907.1706 [hep-th]].
[18] S. I. Kruglov, Symmetry and Electromagnetic Interaction of Fields with
Multi-Spin (Nova Science Publishers, Huntington, New York, (2001)).
[19] F. I. Fedorov, Sov. Phys. - JETP 35(8) (1959), 339 (Zh. Eksp. Teor.
Fiz. 35 (1958), 493).
[20] S. I. Kruglov, Proc. 16th Int. Warsaw Meeting on Elementary Particle
Physic (Kazimierz, Poland, 1993) ed. Z. Ajduk et al (Singapure: World
Scientific, 1994) pp 477-480.
[21] S. I. Kruglov, J. Phys. G21 (1995), 1643.
[22] H. Bateman and A. Erdelyi, Higher Transcendential Functions, Vol.2
(New York: McGraw-Hill, 1953).
[23] A. A. Sokolov and I. M. Ternov, Radiation from Relativistic electrons,
edited by C. W. Kilmister, AIP translation Series (1986).
15
